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This work presents distributed predictor and filter without feedback for nonlinear stochastic uncertain system with correlated noises. Firstly,
for the problem that the process noise and measurement noise are correlated, the two-step prediction theorem based on projection theorem
is used to replace the one-step prediction theorem, and the two-step prediction value of a single sensor is obtained. Secondly, the two-step
prediction value of each sensor state is used as the measurement information to modify the distributed fusion predictor to obtain the
distributed fusion prediction value. Then, according to the projection theorem, the prediction value of distributed fusion is used as
measurement information to modify the filtering value of distributed fusion. Finally, the Cubature Kalman filter (CKF) algorithm is used to
implement the algorithm proposed in this paper. By comparison with existing methods, the algorithm proposed in this paper solves the
problem that existing methods cannot handle state estimation and prediction problems for nonlinear multi-sensor stochastic uncertain systems

with correlated noises.
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1. INTRODUCTION

In recent years, multi-sensor systems have been widely used
in target tracking and positioning [1]-[2], intelligent
perception [3]-[4], and pattern recognition [5]-[6] because
multi-sensor systems can enhance the robustness of the
system and improve the estimation accuracy of the system
and accompanied by a large number of data processing
algorithms. Multi-sensor data processing algorithms can be
roughly divided into centralized, distributed, and sequential.
Considering that distributed fusion has the advantages of
flexible structure, easy fault isolation, and small amount of
calculation, it has received widespread attention.

According to different fusion criteria, various distributed
fusion algorithms have been formed. Literature [7]-[8]
designed a federated filter based on information distribution
criteria, which also has the advantages of distributed and
centralized fusion. Literature [9] gives the structure of the
federated filter including the main filter. However, the
federated filter involves weight distribution problems.
Literature [10]-[12] carried out weighted fusion algorithm
design according to three different criteria, weighted by
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matrix, weighted by diagonal matrix, and weighted by scalar.
However, the above algorithm needs to calculate the cross-
covariance matrix, which puts forward higher requirements
on the prior information of the system. Therefore, literature
[13] give a new covariance cross fusion algorithm that does
not need to calculate the cross-covariance information.
However, the weight calculation of the covariance
intersection fusion algorithm needs to solve the multi-
dimensional optimization problem. Literature [14] designed a
kind of sequential covariance intersection fusion algorithm
which transforms the multi-dimensional optimization
problem into multiple one-dimensional optimization
problems, which can be solved by the golden section method
or the Fibonacci method [15]. In order to eliminate the
influence of the fusion sequence on the fusion result and
reduce the amount of calculation, literature [16] proposed a
sequence-insensitive covariance intersection-fusion
algorithm, and introduced two fusion methods, namely batch
fusion and sequential fusion. In the past two years, literature
[17] provided a novel data fusion algorithm, which is
different from the previous form of combining and weighting
the corrected measurements of local sensors. Instead, it
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regards the local estimation as measurement information
which is used to modify one-step prediction information.
Modifications, from a formal point of view, are more towards
centralized fusion algorithm processing ideas. Literature [18]
further studied the design of the optimal predictor and filter
with random parameter matrix and related noise for this
method. However, it did not consider the nonlinear situation.

Considering that most of the actual systems are nonlinear
systems, this paper is inspired by literature [18], based on the
minimum mean square error criterion, the distributed fusion
Gaussian predictor and filter design with random parameter
matrix and related noise are studied. The rest of the paper is
organized as follows: Section 2 describes the problem to be
studied, Section 3 introduces the design of the distributed
fusion predictor and filter, Section 4 gives the numerical
implementation of the algorithm, simulation verification is
carried out in Section 5, and the conclusion of this paper is
given in the last section.

2. PROBLEM FORMULATION

Considering the following discrete time nonlinear multi-
sensor stochastic uncertain systems:

X1 :(Dkf(xk)"'rk@ )]
Vi =HHK (x,)+Du),i=1--,N )
where x, € R" is the system state; y, € R ,i=1,---,N

is the measurement of multi-sensors; @, € R" is the system

noise; v, €R",i=1,---,N is the sensor noise;
@I ,H,,D, are the correlated stochastic parameter

matrices with suitable dimensions at & epoch; N is the
number of sensors; Superscripti represents the jth sensor.

Assumption 1: Stochastic parameter matrices CZBk s r e
]17 ,ﬁ and ﬁ,’( ,i=1,---N are correlated with each other at
the same epoch and are independent of system noise @, and

U,i , i=1---N .They satisfy the following statistical

properties:
#[8,]=0, £[F,]=r. ]
©)

where M U and G,S “ represent the element at (i, J ) and

(S,u)in Mk and Gl , respectively.
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Assumption 2: @, and Uz,,i =1,---, N are correlated

white noise and satisfied with

, AT Qk S,f
E{[ f}[“’f (vf)]}= AR A )
v, (s;) R
Define M, =M,-M_,M=®,[,H,D , then

Y y T AT MG (6
E[M]=0 . pefine E[M,01/G} |=Q/(q]") .
where, Qk and7], are independent with M k andé , and
we have qf” = E[HknkT:I .

Notes: Derivating the matrix trace yields

Gtr(ZE) _ 6tr(f_A)

0A 0A
otr(A"B) ow(BA") _
(75)_on(w)
04 04
GtF(ZTEZ) .
—_:BA +BTA '
04
GtF(ZEZT) —_—
= =AB+ AB
The system and sensor noises are refactored as

W, :fka)k+1“ka)k , i=1---,N, and (1) and (2) are

rewritten as

Xy =D, f(x)+® f(x,)+W, (5)
Vi =Hl (x)+HH (x,)+V,i=1 N (©
The refactored noises are satisfied as’
E[W,]=0.E[V]]=0
o" =E[WW] |=00, +T.OT;
@)

R =B (7)) |20l R - oiR (Dl)
s e[ ) -0, (0

3. DESIGN OF DISTRIBUTED FUSION PREDICTOR AND FILTER

The flowchart of the proposed algorithm for a two-sensor
scenario is shown as follows:
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Fig.1. The data processing flowchart for two-sensor scenario.

Lemma 1: The local predictor is designed as

i i
xk+1\k - xk+1\k 1+ Kk+1 JKk—= 1€ ®)
i i i1
xy —pXy e
k+1,k|k—1 Pk+1,k\k—1 (Qk ) ©)

where,
xliﬂ\k 1 - E ékﬂ |Ykl 1%
Eg-"kf(x )+ Bor@ )+ w1y Y g
- Fknf(xk)Nldxk

(10)

where, Y,f_l =L {yll 40 ,y,i_l} represents the space formed

by the elements in [, and le = N(xk;)C,’;VH,P,:V(?l )

, ’ .
xv — i i i i 1']
Pk+1k\k 1_E gxkﬂ - xk+1\k-1)(yk - yk‘k-l) Yk-lg
u

il

g,f/( ) Bre) )

1o Bon (e )= v ) o 8

H ( Kle- 1)+ h (x )+Vk) hl

FE?( i W ))}Y )
WEYENE C s
Fé Mot W) Nfdxk;%(Hi)T

W RS @A () Nidx, + S

+
an

where, f(xli‘k_l) :f(xk)—f(x,i‘k_l) ,
};i(x/i‘kq):hi(xk)_hi(x/i\kfl) According to the
definition of error, we have
Xpsr ™ x/iﬂ\k
= F,f(x )+ B ()
x'y i
- F f( k- 1) Kk+1k\k €x
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- ka/(x,’;‘k_ ) B )
i 1(H /9/6( e 1)+ Hon' (x, )+ Vk)
- (F/o;/(x/i‘kl) - lHﬁ/( K 1))

(B ). KO B0 )
(W K V")

k+ 1k k

va
KXV

k+ 1Lk

- 1

(12)

Considering that the three items in the brackets in (12) are
not correlated to each other, there are

r T f
xix/ i J iviT
K+ 1k Eg xkﬂ\k)(xkﬂ' xkﬂ\k) }Yk’th (13)
15
Y + Y + Y
where,
)»V ﬁ
ZF /9/( - 1) Kk+lk‘k 1H %( )) u
u
Y E rQ
; N 0
iFf(xlik 1) k+1k\k H/%( ) hl
=T P ) (e )EF
é ] l:l Xj/
k+1k‘k 1 Eg/ k‘k-l ‘El( k+lk‘k 1
70
Xyl i R 7
kjl,k‘k- 1HkE§{ﬁ (]9/ kfe- 1 )EFk
é L 71 T
1 / J
- FkE g/(xkk-l)(}%(xkk 1 g( k+1A\k 1
(14)
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K

_ g gt%kf(xk e+ LiJe- lﬁ%h"(xk))
gﬁk/{(x ) KAHk\A 1F}/1(§h/(xk))
- “f‘%E g(xk)f ,(xkl'i o
K e 1W';‘/%E g:[(x )fT (x )ﬁl

C Wi i g 7, W' () %KMH 1

s~ e e =t

vy 61%
k+1k\k 1 E% (x )(h (x )) ]‘:(Kulk\k 1)
(15)
X i 1:]
gW Kk:lk‘k le) U
=FE 3
gW Kk+1A\k Uk ) g
T
_ ww wv/ x/y!
- Qk S (Kuu\k 1) (16)
T
vivi X
+Kk+1k\k 1R (Kk+y1k\k 1)
Wy
Kk+1A\k 1(S )
where,
i ; ; U
E ?(xk\k- 1)% (x}i\k- 1) k- I’Yk] 13
k g"ku {17
— W~ i j e u
- n/y(xk\k. 1)/% (xlj(\k- 1)N2dg( )
kg
where,
N;‘ N [xk} x/jk% k\k‘—I ) k\/j—l
Yed | X (Pk)\ckx 1 ) Pk)\(kxl

T . . .
E|:g1 (gz) |771, 772:| representing g, is on the condition

77, and g, is on the condition 77,, &, and g, represent

nonlinear functions, 77, and 77, represent the obtained

measurement. For the ith sensor, the initial values are

o1 = o> P)\C 1

The other expected terms in equations (14) - (16) are the
same as the linear space of formula (17), so the probability
density function will not be repeated here.

taken as X’
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Taking ‘¥ ,'V,,%¥,

prediction covariance. Then, taking (10), (11) into (8), (9)
yields the mean of the one-step prediction.
Next, using the local one-step prediction to modify the prior

information of the fusion center, let X

into (13) yields the one-step

=ex,,, - Then, we

k+1
can get the one-step prediction
J
9 .
k+ l‘k gckﬂ‘k’ k+l‘kﬁ and the one-step prediction
T
error , X x 4 of
- - u
k+1‘k ng+1 k+1‘k’ k+1 k+1‘ku
Xk+1 ’

Theorem 1: For the system (5) and (6), based on the

assumption 1 and 2, the distributed optimal fusion predictor
is designed as follows:

f — f f
xk+1\k = Xl + Lk+1(Xk+1\k B exkﬂ\k-l)
(18)
_ S

o (In - Lk+le)Flof(xk - )+ Lk+1Xk+1\k

70

k+1\k =E %—Hk( k+1\k) k%

u

Eg?/( LR ﬁF g
WU () wagg

(In - Lk+1 ga

@, - Lkﬂe) L XL, H L LT
(19)
fa+BrQ" - DR
k1 2%.+QZVW }eT rg
Ca+ (eA)T + Be + (Be)T %1 (20)

G0 - ep- (eD)I
eCe' - X

k

el

+1fe

The proof process of the above three formulas is shown in
Appendix 1.

Lemma 2: For systems (5) and (6), innovation and its
covariance are calculated as follows:

,. o @1

— 1 1
€riy Vi yk+1‘k

where,
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yllf+l‘k:E g/llf+l }Ykﬁ
- E g’;‘*’ lhl (xk+l) I%th (xk+1)+ Vki+1 ’Yklg
= H1i+1n hl (xk+1)N1k+ldxk+1
(22)
For simplicity, rewrite e,i 4 as
k+1 yk+l yllc+1‘k
_Hliﬂhl (xk+l)+ ﬁéﬂhl (xk+1)
i i i i (23)
+Vk H k+ 1h (xk+ 1\/«)
- Hllcﬂf/b( llc+1‘k) ﬁéﬂhl (xk+1)+ Vkl+1

Then,

c

O, = E @kﬂ(m §
) )
+ W' "(xk+1 (h’(xkﬂ)) }Y,u

k+1
C k+1
g k+1‘k )(% k+1‘k ) N dxl.ﬂ:(Hkﬂ)

RVV’

k+1

_HI

k+1

W R G Y G ) Ve R
(24)

The innovation covariance is calculated as follows:
; é. N
e _ i J 7
Qk+1 E gk+1 (ek+1)

e, /. .
- HliﬂE gj/b(x/lcﬂk)(%( k+1‘k

e

T
Y E(H

k,
k:fle ¢l (xk+1)(h (xk+1)) k’Y] + RIZ:/
¢
= H;+1gn k+1‘k ( k+1‘k Nk”d k gle
1
gy gf )
k1 hl k+1 (hl (xk+l ) Nkﬂd k+1u_+ RkV+V1

¥l

(25)

Lemma 3: For systems (5) and (6), the local filter is

designed as follows:

21

ny i

k+ 1‘1{ k+1

@)

i _
Xis 1 Xt 1\1« (26)

K @7

k+1

‘k

T

é i i i 3
E gxkﬂ - xk+1\k)(yk+1 B yk+1\k) }Yk

)E:I;H%(x;m)
A (e )V
1 (}% "*l\k)) g("”
(e ) 0

-1y Eeeee

o<

s oo NN e el et el

(28)

The covariance is calculated as

X _ ny i )

JER T l‘k k+ l‘k k+1

i
Zxk+l - xkﬂ\k -

) e
- P k:el‘k ( \A (P "
(K

k+1
_ Px ¥
k+1[k

Yiyd
k+1

Xyt i
kel k1

-

[l e e =

T

)

29

Ax )C

k+ l‘k

)

KXV

k+1

syl syl
+K k+ l‘k

k+1

i
‘kaH

-l
e .
Considering Kk“‘k (Qk“) , one can obtain

xiyi _ x[y[ e[
P K i+ 1\ka+ 1

k1 (30)

Take the above formula into the covariance matrix to get:

i Xy i
gxkﬂ - xk+1\k - Kkﬂ\kekﬂ)

. T
1
Zxkﬂ T N i k+1\kek+1

i
(1)

The cross-covariance matrix is calculated as follows

xx!
k+1

=F

x'y' i

(€2))

[a =N arN ari vl e et

e

x'y
- Kk+1\ka+1

— xix! xly

k+1
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, _ o
Xy 1 7
i X ™ k+1‘k KA+1‘k k+1) u
xX'x :E u
ket it 1 Iy V1 9
Xper = X k+1\k KAH\/( k+l) }Yk’Ykﬁ
T
_ x'x x'y x’y! _ xy
Pk+1\k Pk+1\k (Kk+lk) k+1\k (Pk+1 )
7
x'y! ele/ x’y
+ Kk+1\ka+1 (Kkﬂ\k)
(32)
where,
- : 7 U
P =E{x - x' J Y
e+ 1fe k+1 e+ 1k Vi1 ykﬂ\k 20k
14 ] u
c 7 I U
CH'/ % X + = 1,1
-4 i k+1 et 1k Tu
k+1 kel )6 W sy T Uu
o =
€ k+1 (xk+1) k+1 T u
€ . b
é 7 r
— 4 0 § J
E P 1Je (ﬁ/ (xkﬂ\k) Hkﬂ)
a gc U 7
VAP % k+1 k1Y rri
nf//?ﬂ\k (;y (xkﬂ\k) Nz d Hk+1
k+1ﬁ
(33)

le}‘,; can be obtained similar to the solving process of
ty]
ke+llk
Theorem 2: For systems (5) and (6), the corrected state is
calculated as follows:

f — +f f
xk+1\k+1 o xk+1\k + Lk+1 (Xk+ e ™ exk-v—l‘k)
= _ /
(In Lk+le)xk+1‘k + Lk+1Xk+1‘k+1
(34)
f \ ﬁl
Pk+l‘k+1 E g/lg)ﬂkﬂ( /?+1‘k+1) }Ykﬂﬁ
u
V' U
=E g(] Lk+1e)9/+1\k k+1\k+1)(g) ﬁ
= S -
(]n k+le P/(+1\/( (]n Lk+le)
T
X T
+ (I LkHe k+1‘k,k+1 /<+l(g)
+ L Xk+1\k+1Lk+1

(35)

22

e f X

Lk+l (Pkﬂ\k Pk+1‘k k+l)

. e 1

& xx X X 9 T Q

% k+1 PA+1‘kk+1 (Pkﬂ\k,kﬂ) e+ )gfﬂ\kurg
(36)

The proof process of the above three formulas is shown in
Appendix 2.

4. THE NUMERICAL REALIZATION

In order to facilitate computer simulation, according to the
design process of predictors and filters in Appendix 1 and
Appendix 2, based on the third-order spherical-radial rule, the
numerical implementation format is given as follows.

Design of local predictor:

Assuming the information at & — 1 epoch is known, let

P Px \r/ U
g(.\k 1 \k 1 k- 11) 37)
x'x/ xx/ )
- lu gp A 1) )
1) Factorize
. . , T
i = k\k-l( k\k-l) (38)
G =MM| (39)
2) Evaluate the cubature points
Zhha = Sl bt Xl =12, .2(n) - (40)
2?1[
vljkz =M, +n,,l=12 ',2(l’l+n) 41
klk-1
3) Propagate the cubature points
il il
luk\k—l Zf(lk‘k_l),l =12,---,2n (42)
=il =il
:uk\k 1 f(lk‘k_l),l=1,2,"',2(n+n) (43)
i = f 7)1 =12.2
'uk\kl_f k-1 > 545" (n+n) (44)
Sk :hi( v/iii{fl),l=1,2, S2(n+n) @)
54’1«[—1 :hj(v)c/.‘}c[—l)7l:1>29 52(n+n)  (46)
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4) Calculate the local prediction mean and covariance

(L)

2n+n)

i _
Xrtje-1 =

Let

T

1

DA b (5)

1 2n+n)

b il
2(n+n),1 /9 -1

Pl = Fia- b )H[)
+ “f“w%a + SZ/V'

L

- 2(n + n) -1

2n+n)

N
-
—
=
”‘“?
-

=
=

1 2(}”") . . T
YA L }‘k\i.l(s(i\i.l)

Y, =F, (e- bk")F]

+K1j+ylk‘k 1H (Z - Cg )( Iiljk‘k 1 )
- K“lk‘k 1H n- ckT)FT

S o- bK, )

(47)

(48)

(49)

(50)

G

(52)

(53)

(54)

(55)

(56)

(57)

(58

23

K™

_ e b0
- “{/ et L 1“ﬁ n
T
ol )

k+1k‘k 1

W (K vy )T

e k- 1

(59

KXV

ke Lefe- 1

T

— X'yt vivs x/y

13 Q Kk+ Lfe- 1R (Kk+ Lfe- 1
K xy!

o (60)
wri (g x Wy
-5, (Kk+y1k‘k 1) K+ LJe- I(Sk )

Taking (47) and (51) into (8) and (9), one can get the one-
step prediction mean and gain matrix of local predictor.
Taking (58)-(60) into (13) yields the one-step prediction
covariance matrix.

Design of distributed fusion predictor:

Assuming that the information at k£ - 1 epoch is known, let

A r ° e /%! x'x 1:
g*fk 13 P\k 1 K- 10
h, = ' LN (2))
‘k 111 gP i1 Xk‘k- 1{
1) Factorize
/ r rY
Pk\k 1= Sk\k—l (Sk\k—l) (62)
_ T
G, = MM, (63)
2) Evaluate the cubature points
Zkf\k,]fl = SAf‘kflgl + x/f‘k,l,l =1,2,---,2 (n) (64)
i
vi‘(k,;‘ =M,{, +1,,l =12, 2(n+n*N) (65
X1
3) Propagate the cubature points
‘u’t\k 1 f(lk\k 1) [=1,2,--,2n (66)
_ 1l _
k\k -1 h(lk‘k—l)’l_laza'”:zn (67)
_ _ri B
1”/5\/51 _f()(,’:‘k,l),l—1,2,"-,2(n+n*N) (68)
= — X, _
ﬂ/f\(kll :f(}(k‘k,l),l—1,2,"-,2(n+n*N) (69)
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=X,

(7

k-1

vXl _h

k\k 1

)z=1,2,---,2(n+n*N) (70)

4) Calculate the mean and covariance after fusion

¢ '_
f — =
xkﬂ\k - (In - Lk+le)FkE /u/f\k 1¢ L Xk+1\k
(71)
_ 1 ,2n T
a= Z_L 'uk‘l\ 1(”1(\1( 1) (72)
_ 1 2 ;
= 73
b o L e (73)
V-
Pk+1‘1\ - (In Lk+le)
& ¢z O g
F e __ F &
B kgb TrI k j]ﬂ _ Lk+1e)T (74)
> ki%)67+ QZVWg;
+ Lk+ IXk+ 1‘1{[’;1 + L+ LT
2(n+n*N)
_ 1 1 1 ((Xl )
= — ; (75)
2(n+n*N) 11:1 k‘k-l ‘k 1
1 Z(nrn*N)
d= — /! (76)
2(n+n*N) 1,:1 e 1
1 Z(n;n*N)
e= ———M Xl (77)
2(n+ n *N) Ll -1
1 Z(n;n*N)
e X
= ’ (78)
2(n+n*N) Ll K1
1 2(n:rn*N) T
j = —————— (79
2(n+n*N) %:1 :uj‘kl( ‘kl) )
A=F, (¢- d")yY]
7 (80)
- F ( B af )( k+1k\k IHA)
& o \
V\y C - \)\7 ( k+1k‘k 1) 1)

24

C=F, (a- bb")F| + W'a (82)
Taking the values of 4, B,C into A and L, yields the

prediction mean and covariance.
Calculation of innovation:

Assuming the information at & epoch is known, let

. o é i i
u 7
_ g(k‘k g k"‘ ! "‘ lu
h, = uG, = (83)
1’1 Pxx/ P Iy U
k‘k M ‘k 1 ‘A 1”
1) Factorize
i 1 r
k+1\k - Sk+1\k (Sk+l\k) (84)
_ T
G, = MM, (®85)
2) Evaluate the cubature points
7(1:}]1\/( = Sl’c’il\kél + x1’.-+1\k’l =1,2,-,2 (") (86)
2?1[
=ML =120 2 (e m) BD)
/Ykﬂ\k
3) Propagate the cubature points
il if il .
Ok =h (an\k)’l =L2,---,2n (88)
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k+llk — Zkﬂ\k L&t (39)
— 1 _
k+1\k h (ZAH\k) 1_1’2""’2(’“_”) (90)
4) Calculate the innovation and covariance
i i é 1 2" il Q-
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g2n Ll k+1\kr
N ﬂ'z%él £ il i TQ yiyi
(Hk+1) + V\fil §2_ Sk+1\k (Skﬂ\k) i+ Rk+1
n = r
oD
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The innovation cross-covariance is

e

e e v e

é 1 2n+n)

— |
e/ i 2(n + n) =1
Qk+1 - Hk+1 ¢ 2n+n)
1 1 il :
k+1\k1: ).

=1

2n

2(ntn

1 § il § gl
k+ 1\/{ e+ 1\/{
=1

Design of local filter :

WW

k+1

( k+1)

\/\!

A o é xix! xix/ ﬁ
Feo ;
kiU g k“\k
=G =g
x'x/ x/x!
%’” e} gplﬁlk) Pk+l‘k
1) Factorize
i 1 T
k+1\1. Sk+1\k (Slm\k)
— T
G =MM,
2) Evaluate the cubature points
il —
Kiap = A+1\k§1+xk+1\k’ =12, ,2n

~il

Xis
[ ¢ lk]:M3g1+773,l:1,2,~--,2(n+n)
3) Propagate the cubature points

k+1\k h(}(;i’il‘k),l =1,2,---,2n

k+1\k h(}?;{;ll‘k),l =1,2,'--,2(n+n)

4) Calculate the covariance

wiyl
Pk+1\k
¢ 1 p r )
_l C il k+1 =
2n i Y
Y P o & | - g i)
i v i TR
—] ¢ . = s e E
gzn . k+1\kr n o, Iﬁrl‘kigrz

(93)

94

95)

(96)

7

(98)

99)

(100)
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¢ 1 21(2n é (§ )T
) 2(2’1)[ 1 ke O ker 1 ‘
‘cv — J
P ket 1k é 2’(2,1 2,(2n A( OT'T
2(2’1)% . k+l‘k 2(2}1)} 1 k+l‘kI£
Fusion filter design:
14 o e f X ﬁ
/ P P
h = gxkﬂ‘kgG B k+1\k k+1\kl;
s %{ 3 s XX U
ke 1jq g k1l k+1‘k3
Cl xfxil:]
T R L WI
po= Sl 2 &
6 i u 6 %t ixt u
K 19 Z K- 1) K- 13
1) Factorize

_ T

G, = MM,

_ T

G6 - MeMe

2) Evaluate the cubature points

—f.l
X0
[ g lk]:Msé’l+775,l:1,2,---,2(n+n*N)

Xl
— il
Kis
vle‘k =M, +n,01=1,2,-- ,2(}’! +n)
Zk+l‘k
3) Propagate the cubature points
FY = B
k+l‘k h(lkﬂ‘k) l 1 2 2(l’l+n*N)
P A AR .
‘uk+1‘k f(lk+1‘k)>l_1;2,"',2(”4‘]’1)

ﬁli’j-l\k = f(ﬂzizl\k)J 21,2,---,2(n+n)

vt l
k+1\k

=h( 7!y )1 =1.2,+.2(n+n)

4) Calculate the covariance

5) Let(l, - L.e)=y

Hpel-l-1-- I-LI;U\-I-I-I-I-I-IO:
=
z
~4

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)
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2(n’+ nN )

T 1 ¢ (§X,1 )T (112)
2(n+nN) . e e \ ke 1fe
2(r1+nN)
n=—- S 113
"o 2(n+nN) 11 kel (113)
2(n+nN)
0= ——— s(’” 114
0= 2(11 +nN) k+1 (114)
— 1 e £l il Y
- 2(n + n)%—] e+ 1fe (Lkﬂ\k) (115)
o 1 o il
’ 116
1 2(n+n)%—1&k+lk o
T = 1 £ o il \
J = 2(n + I’l)%l }[£+1\k(§k+1‘k) (117)
o 1 £ il
T T
— 1 e £l il Y
- 2(n + n)%—] e+ 1fe (Lkﬂ\k) (119)
P/ﬁl\kkn k+1‘k (m no )( kﬂ‘k k+1) (120)
k+1\k =yF, (v - g )FT
— _ N4
B yFk(J_ ’WT)( l;—ylk‘k 1H/:)
et
— . N (121)
) yf/‘;{J( k+ylk‘k 1;?/2)

T

Wy
+yQ _yS ( k+1k\k 1)
+ L PXx

k+1 k+1\k

5. SIMULATION

In order to verify the effectiveness of the proposed
algorithm, a strong nonlinear model is given as follows:

26

4 o é .2 2 ]:1 r o
RN
X, = &0 Foal+ e M4 100 O, 1w,
&4 S0.2¢! (2 +x7) U P
el g HGRES i g) H
(122)
y, = (cos(x;)+ xzx/f)+ v! (123)
yi= L)+ xzx,f)+ v (124)
F,=1,,+xdiag(P.01 001 001 a2s)
I _
L =1+0.lz, (126)
2 _
L, =1+0.3z (127)
v/i =ow th (128)
2 _
vi=cw, T h (129)
z, =bx tg (130)

where @,,7,,&, and J, are uncorrelated Gaussian white
1,0.5,0.1 and 0.3 ,
0.6, b= 1. The initial

noise, and the covariance is

respectively, and ¢, = 0.5, ¢, =

_ T
value of state is X, = [—0.7 1 1] , and the initial value

of filter is )70=[—O.7 1 1] P, =1, ,. 30 independent
Monte Carlo simulations are carried out, and the

corresponding simulation results are as follows:

Error of state

30 35

25 30

Time step

15 20

10

Fig.2. Error of the state.
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RMSE of state

Time step

Fig.3. RMSE of the state.

20 25

true state and estimate state

20 25
Time step

Fig.4. Ture state and estimate state.

It can be seen from Fig.2. and Fig.3. that the proposed
algorithm can obtain smaller estimation error and root mean
square error when compared with the algorithm in literature
to a nonlinear system. It is shown that in a nonlinear system,
compared with the conclusion of linear system based on EKF,
the nonlinear filter design is directly carried out for the
nonlinear system. Higher estimation accuracy can be
obtained.

6. CONCLUSION

For the nonlinear multi-sensor system with random
parameter matrix and correlated noise, the local estimation
state is regarded as a measurement and sent to the data
processing center to modify the prior information of the data
processing center. In this paper, the distributed fusion
predictor and filter are derived, and the numerical
implementation of the algorithm based on the third-order
spherical diameter volume rule is given. The simulation
results show that, compared with the EKF algorithm, the
estimator designed for nonlinear systems can achieve higher
estimation accuracy when dealing with nonlinear problems.
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Appendix 1
The proof of Theorem 1:
- o/
%Jr 1k Yee1 ™ Fes 1

= X T (n B kﬂe)ka( K- 1) Xkﬂ\k

- (In - Lk+le)F jb/(xf‘k 1)+ (In } k+le)ﬁ/0/rf(xk)
+(I, - L, ey, + L, X

e 1fe

(131)

% =x_ - x’

et 1k k+1 e 1l

= X T (n - k+le)ka( ‘k 1) Xk+1‘k

= (In - Lk+le)F f/(xf‘k 1)+ (In - k+le #/(I)cf(xk)
+(In - Lk+1e)W + L X/kﬂ\k
(132)

Sorting out local one-step prediction errors yields

k+1‘k (Yljy(Xk)k ) k+1k‘k 1H W(X Kle- 1))
+(Ser G ) K2y o0 G )) (- K2, 7))
(133)

where,

M) ?(xi\k- PG )3 (134)

Y, = diag(F,.L ,F,)

K

k+1k\k 1

L KAV

k+1k\k 1

dlag (Kk-f-lk‘k °

) (135)
H, = diag(H,,L ,H)")

where,

P

the order of rowi and column j .
Let

Mg )= ¢ F(el L (e l)ﬁ (136)

ﬂ/ dlag(f}/ L f/")

I% = dlag(]% L I%V)
h(x,)= ga (x )L A" (xk)‘é (137)

Then, the one-step prediction error covariance matrix is

T

k+1\k = E g//éﬂk( k+1‘k) ‘Yk

(- L e E%%J%(wﬁ ;
g WG G, )§+QWW§:

(- L)+ L. X L +L+L]

e

e 1 k1
(138)
— _ xix/
Stk = (Pk+1\k) means that  all
4 iol i oo, N are arranged into a square matrix in

aa = E ?(x';k_ 1)% (Xk‘b 1)_|E (139)
bb=E g’/(x[k_ 1)/% (X " 1)3 (140)
cc=F g‘(xk)(ef(xk))ﬂé (141)
dd=E g(x W (x, )ﬁ' (142)
gF aaYT gz .
o (In _ Lk+1€)l§i: bb(Kktlk‘k 1 ZLk+1

+ (I L. ]e){V\y cc - WwddT }LA+1
i
* (In ) Lkﬂe)%ltVWeT . SZVV (K/:ilk‘k 1) %{Lz+l

(143)
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It is worth mentioning that, according to the definition of
matrix A, B later, A can be rewritten as

Lk+le)ALk+l + (I Lk+le)BLk+l

ey
>

T
WW T wv [ xy T
+ (In - Lk+le)l%k € - Sk (Kkﬂ,k‘k_ 1) é;l’kﬂ

L=(I,-

(144)
where, ’ ]

DA N

- fl}/(xlf\k 1>% (xkf\k- 1)N3dxk
IOAD »

= BT )N dx,
E9L (0 )

y (147)

- fl}/(xi\k 1)2,6 (Xk\k- 1)Nfd g(k ﬁ

k4
The other expected terms are the same as the linear space of
equation (147), so the probability density functions are all
N f . The integral formula for finding the expectation is

similar and will not be repeated here.

. I
wy o _ wy! wyN
S;t =g LS (148)

where, N, N(xk, Xjjke 1’Pk\k 1)

: ®
kugc‘kluq \kl k\k-l%

NEM S

Based on the minimum mean square error criterion, Lk +

is obtained as follows. Let

ﬂtr( k+1\1<)_

L =0 (149)
k+1
T H+M=0

where, H and M represent the first-order term and
constant term after derivation, respectively. For the sake of

clarity, the derivation process of B{{rl‘k is divided into three

parts, including the derivation of the /1 part, the derivation

of the A , and the derivation of the rest, which correspond
to the first-order term and the constant term as

H,,H,,H,,M,,M,,M,. The details are as follows

H1 - - Lk+ 1eA - Lk+1 (eA)T

L, (Be)

- L, Be- (150)
G T v O
- Lkﬂg?er e -eD- (eD) &
Considering
ﬂtr(IZEZT) _ -, ﬂtr(ZETfTT)
— = AB+AB"T = ——~ ¢ , one
14 14
can obtain
H,=H, (151)

H3 - 2Lk+ 1eceT + 2Lk+ 1eQZVeT + 2Lk+ 1&& 1l (152)

where, ) ’ ] )
Cetere b
= 1, 7 s
: FkE g/(x[‘k-l) ( - 1)t(Kk+1k\A 1 )as
(153)
éﬁw {66
B=T1, (154)

AR O

ﬁ g(xk)hT (x )é{ Ijilk‘k 1)T

ngkE (‘kl)%(‘kl Tg; 155
¢ EWE 6 6 i "

D= SWV (Kk+1kk 1) (156)
Then,
H=H +H,+ H,
= 2H, + H,
€L ed- L, () %
=28 1, Be- L, (Be) :
hlngWWj'—eD @D);;
+2L, eCe’ + 2L, eQ"e + 2LMXM‘A
God + (eA)T + Be =
=-2L, (Be) - eCe’ k+1\k ;
gQT@T-dD-@D)ﬁé (157



MEASUREMENT SCIENCE REVIEW, 22, (2022), No. 1, 17-31

M =A+ B_|_Qk’VW d-D (158) The local estimation error is rewritten as
i — _ i _ xtyt i
1 (BA") qr(4B") Fert T Ve xk*l Tek Ko
Considering = B, then e (o]
ﬂA ﬂA — ¢ K k+1 k+1\k x
e+ 1 e+ 1k ﬁ/ﬁ hl( ) =
X I
k+1 k1 wE (164)
Mz - Ml (159) N . : '
x'y i i
(1?+1\k Kk+1‘ka+1;y( k+1\k))
M, =-2 + " eT (160) x'y () i i
’ ? Qk } Kk+1 ﬁ/kﬂh (ka) k+1‘k k+1

and

Sorting out local estimation errors yields

M=M+M,+M,

=2(+B+Q" - D)- 24+ Q" ! (16
( Qk e ) %: Qk }e ‘%13+1‘k+1 = (Xkﬂ‘k k+1‘ka+lﬁ/(( ke 1k ))
=2(A+B—C€T-D-QkW€T) (165)
- sz\k h(le) K’f“\kV"”

Therefore,
H+M=0
; . Similar to the definition of Kk+1 M1 we have
God + (ed) + Be+ (Be) 2
= K”‘ dzag( ‘ KXT )
k+lk k+1k’ k+k |-
L "Wel - eD- (eD) =
T L gQ ( )I‘E The error covariance matrix is
T +
eCe - )gfﬂ\k % R
T u
—(4+B+0" - D }Y u
( Qe ) (162) Pk+1\k+1 E g/k{’ﬂ\kﬂ k+1\k+1 k+1yy
ww O\ .T
) {c + 0! }e u

E Z(In - Lk+1e & e + L»+ ‘)%/;c)+1k+1)(g)T§

EA +B+Q"e - D
TL,
- (1 Lk+le) et 1 (I - k+le)

2peor

TS
I

A+(eA) +Be+(Be) % +(I - Lk+1e)Pk+1\Ak+1 k+1(g)
gQ:/WeT -eD- (eD) I‘;E + L Xk+1‘k+1L7k-+1
eCe’ - X, E (166)

Based on the minimum mean square error criterion, we have
Take L,,, and A, B into (34) to get A. Take L,  and

Alinto (33) to get a one-step prediction covariance, and take 9t I’Pkf+ e 1
!
L, ., into (26) to get a one-step prediction mean. qv =-2P kj 1‘Ae + 2L k 1\/(
k+1
. X ' x
Appendix 2 ( ikt ZL Pk+1‘k k+1)
gfjo;;ffoqquTheorem 2: . é . . PX/X . g
' épkﬂ\k,kﬂ T e Ukt € I'I
_ R
1?+1‘k+1 X1 xk+1‘k+1 * 2Lk+1 e et 1
= - - f - =
X1 (In Lk+le)xk+1‘k L +1Xk+1\k+1 0
_ ) : (167)
(In Lk+1e)%+1\k + L /%;H\kﬂ
(163) Then,
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q 6
T x X T -
- + =
Lk+l§ k+1 ePkﬂ\kkﬂ (Pkﬂ\k,kﬂ) € Xk+1‘k+li._:_
_ XX
Pk+1\k T Dkt

f T x'x
T Lk (Pkﬂ\k - Pk+1\k,k+1)

d &
x x'x T =

- + -

% k+1 ePkﬂ\k k1 (Pk+1‘k,k+1) € Xk+1\k+1:

(168)
where,

X x &S 1:1
Pk+ 1\1( k+1 =E gyfﬂ\k"%éﬂ\kﬂu

o

il

o

%V]g k+1\k k+1\k k+1f/(Xk+1\k ) EE

+1je - . =4

Kk+1\kﬁ/2+1h (xk+l) Kk+1‘kV 1%3

u

T

=E X K> x 3
g//?n\k ket k+1\k k+1 ke 1l g

= kalﬁk - %ﬂ\kl%( k+1\k)NkHd g\/kﬂll{Kkﬂ\k k+l)
(169)
xfx_[ i M]T
where, kel | Tk Tk . and et
I-L.e=Y

, than
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r

VR () va gy

3t

o Ny S
( lfivl,k\k- 1H1i) + Yﬁ/(l)c flf(xk)fT (xk)Nsd gk k

o

¢!
. Yﬁ/o f(x (hl(x )) Nsd t{Kkﬂk\k 1M)T

k+1‘k - YFknﬁ/( k- 1)9/( k- 1)Nsd§‘§2

TO
wy' x -
+ ¥ =
Y?k S ( e Lle- 1) o
T
Xx!
Lk+ 1P et 1)
(170)
. f x/ X!
X, xZ‘H Pk\k-l klk—1
where, N. = N o >
5 X x’ o T Yy
k klie-1 Klk—1 klk—1
From the definition of X, ik )
X X XX T
Pk+1\k = |: k““‘k s B :| . Obviously the information in

P

k+llk
so we can get the formula (169). Taking (169) into (168)
yields L,,, . Taking (168) and L, into (166) yields

has been calculated in the one-step prediction process,

corrected covariance. Taking L, ,, into (34) yields corrected

estimation.
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