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Abstract: A probe coil with a T-core above a layered conductor with surface hole is investigated for magnetic flux transfer along the ferrite
core and enhancement of eddy currents in conductor. The cylindrical coordinate system is adopted and an artificial boundary is added to the
solution domain with radius b, and the general formula for calculating the impedance of the T-core coil is derived using the truncated region
eigenfunction expansion (TREE) method. For four special cases with different probe configurations, coil impedance changes due to the
layered conductor and defect are calculated with Mathematica software over a frequency change ranging from 100 Hz to 20 kHz. The
analytical results are in good agreement with those obtained by the finite element method and experimental measurements. The results show
that under the same lift-off height and excitation frequency, the impedance change caused by the conductor or defect in the coil of long core
column is greater than that of the short core column coil. It indicates that the probe coil with a long core column can transfer magnetic flux
to the conductor, thereby enhancing eddy currents in the conductor.
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1. INTRODUCTION the bolt hole, resulting in a strong eddy current response,
which is helpful for the detection of deep cracks [9]. Horan et
al. analyzed the pulsed eddy current signal generated by a
probe that utilized ferromagnetic bolts as magnetic channels
to detect simulated cracks inside the spar beneath the wing
skin [10]. Whalen came to the conclusion that a ferrite core
with a larger diameter than the head of a ferromagnetic

Eddy current non-destructive testing (ECT) is an important
technique for quantitatively detecting defects such as cracks
and corrosion in multilayer conductive structures. Higher
magnetic flux density can be achieved by using ferrite core
probes to gather magnetic flux and shield noise [1], [2]. I-, E-

and C-cored probes are widely used in non-destructive testing ; .
of conductive materials and have been proved to have fastener would result in deeper penetration of eddy currents.

significant advantages over air-cored coils in defect detection 1118 is due to the larger diameter of the core than the fastener
[3]-[5]. head, allowing increased magnetic flux to be transferred to

the fastener. As more magnetic flux penetrates the fastener,
more eddy currents are induced in the surrounding conductive
structure [11].

Under the condition of the same number of turns and coil
size, the proposed T-cored coil, shown in Fig. 1, has been
proved to have higher magnetic flux concentration effect than
the I-cored coil. Compared to the E-cored coil, the T-cored
coil is smaller and easier to apply in reality, and its defect coil
detection sensitivity is similar to that of the E-cored coil [6], N

N

71 NPT . . . Multi—]ayer‘ A
Desjardins investigated the detection of deep defects in it g

fastened conductive structures using the ECT method. To -,

avoid removing the fastener, fasteners made of ferromagnetic K
material have been used as conduits to transfer the magnetic N
flux into the multilayer conductor [8]. The relationship
between the excitation of ferrite fastener and the eddy “hole
currents generated in the surrounding aluminum structure was

also investigated. The results indicate that the fastener can  Fig. 1. A T-core coil probe over layered conductor with a hole in
transmit the magnetic flux into the aluminum structure near  the upper layer.
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In addition to the above-mentioned ferromagnetic bolts of
the multilayer conducting structure, the core of ferrite cored
coil, especially the T-shaped core is also beneficial to transfer
the magnetic flux to the conductor, which has the potential to
improve the defect detection sensitivity of the coil. However,
the influence of magnetic flux transfer along the ferrite core
on coil impedance changes has not been investigated using an
analytical model. As shown in Fig. 1, a T-core coil is placed
above a two-layer conductor with a hole. The influence of
magnetic flux transmission along the T-core on the probe
sensitivity is investigated, which is helpful to expand the
application of the T-core probe in eddy current testing [6],
[71.

The analytical model of a T-core probe located on layered
conductive materials is derived using the truncated region
eigenfunction expansion (TREE) method [12], [13]. The
azimuthal component 4, of the magnetic vector potential is
represented by a series of orthogonal eigenfunctions. On the
truncation boundary » = b, a Dirichlet boundary condition for
A, is imposed. The most important advantage of the TREE
method is that in the truncated finite region, the solution can
be expressed in series form rather than integral form, and by
carefully choosing discrete eigenvalues and corresponding
eigenfunctions, the field continuity of different boundaries
and interfaces can be satisfied simultaneously. The numerical
calculation efficiency is high and the error control is simple
[14], [15].

First, the single-turn coil is analyzed and the expression of
the magnetic vector potential in each region is deduced. Then
the closed expression for the impedance of the multi-turn coil
around the T-core is obtained using the superposition method.
As shown in Fig. 1, the length of the T-core column is greater
than the thickness of the coil, and the cylindrical coil can
move up and down along the T-core column. For four cases
with different coil and probe configurations, the coil
impedance changes due to the layered conductor or hole are
calculated using the derived general expression, and the
results are verified by the finite element method or
experiments.

2. ANALYSIS

The first configuration to be analyzed is shown in Fig. 2(a),
in which a T-core column with relative magnetic permeability
us is surrounded by a filamentary coil excited with a
sinusoidal current /¢, The T-core probe is located above a
two-layer conductor with conductivities os and o7, and a
cylindrical hole of radius ¢ is in the upper layer conductor.
The T-core, coil, hole and layered conductor are
axisymmetric. A cylindrical coordinate system is established,
and the plane z =0 coincides with the upper surface of the
conductor. The whole space is truncated by a cylinder of
radius » = b and seven regions are formed according to the
problem. Using Bessel functions J, and Y,, the problem is
solved as a boundary value electromagnetic field problem [7].

Since regions 2, 3 and 4 in Fig. 2(a) contain two sub-
regions, the magnetic core and the air, these two sub-regions
have radial dependencies in the magnetic vector potentials.
The equations are obtained using the continuity of B, and H-:
on the interfaces r=a, and r=a;, and the condition
A,(b, z) = 0 must be satisfied at the truncation boundary r = b,
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the following equations can be obtained for solving the
eigenvalues m;and p; [1].

Li(mb) = B,y J,(mb) + C,p Y (mb) =0, (1)
R(p;b) = B, J\(pib) + C,p Y (pb) =0, (2)
where
L (mr) = BpJ (mr)+ CpY,(mr), (3)
R (pir)=BypJ (pir) + Cop Y (1) . “4)

The eigenvalues m; and p; are the positive real roots of (1)
and (2), respectively [1].
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Fig. 2. An axisymmetric (a) filamentary and (b) multi-turn coil T-
core probe located over a layered conductor with a hole in the upper
layer.

Region 6 consists of two sub-regions of air (0 < r <c) and
conductor (c < r < b). The magnetic vector potentials of these
sub-regions can be expressed. Using the radial interface
condition on »=c¢, the equation is obtained and used to
determine the eigenvalues u; and the correlation values v;.

ul (ViC)JO (Ml-C) =—Vv,F,(vie) (ye) (5)

1
7
where

F,(vr)=J,vnY,(vD)-J,(vD)Y,(vr), (6)
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Jiand Y; are first kind Bessel functions of i-th order.
The relationship between u; and v; satisfies

U, =V + joo i - (7
Using the method of separation of wvariables, the

expressions of magnetic vector potential in all regions of the
problem in Fig. 2(a) can be written in matrix notation as
follows:

A,(r,2)=J,(q'rq e C,, ®)
_J(m r) m (e ™C. — ™ 0<r<a,
Az(r,z) L(m ) m (e ™C,-e Bz) a, <r<b’ (9)
J(PTV) 1, —pz <rsaq
A (r,z)="" ”C,-e"B , 10
5(r,2) Rl(prr)p (e ;—€"By) <r<b (10)
(p r) _1 0<r<q,
A,(r,z)="" ¥C,-e"B
«(r2)= R(p" ) e ) a <r<b’ (1D
As(r,z) =J (qTr)qil(eiqzCS _equs) > (12)
_F(ve)Jy(w'r) . w <rs
6 ( ) ( ) l( _ehBé) , (13)
F(v' r)Jl(uc) <r<bh
A, (r,z2)==J,(q'r)k 'e“B,, (14)
where
k=4/q >+ jouu,oc, . (15)

Ji(q"7), Ji(m7), Li(mT7), Ji(pr), Ri(p™¥), Ji(u'r), are row
vectors, ', m’!, p!, w!, k!, &% ™ &P ¢t oK gre
diagonal matrices, and C;, B; are unknown column vector
coefficients.

The interface conditions (continuity of B and H,) between
the seven regions are used to solve the unknown coefficients
in (8)-(14), then the magnetic vector potentials in all regions
in Fig. 2(a) can be calculated.

The eigenvalues g; of regions 1, 5 and 7 are the positive
real roots of the following equation:

Ji(g,6)=0 i=0,1,2..N,,

(16)
where N; is the highest term in the expansion.

The eigenvalues m; and p; are real positive numbers, and
can be obtained by solving equations (1) and (2) using
numerical methods, such as FindRoot( ) in Mathematica or
fzero( ) in Matlab.

The solution of the eigenvalues u; can be obtained by
solving (5) using numerical methods, such as the Newton-
Raphson technique [12] or the Cauchy argument principle
[16]. The former usually requires to indicate initial points for
searching complex roots. For the problem of a hole in the
conductor, air and conductor without a hole are used as two
sets of initial points, respectively. The advantage of the
Newton-Raphson technique is that it is fast in computation,
but some eigenvalues can be omitted, or the same root can be
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obtained for different starting points [12]. The Cauchy
argument principle method first checks the number of roots
inside the contour constituting the solution domain, and then
divides the contour into smaller parts until each part has no
more than three roots. Although the accuracy of the Cauchy
argument principle method is high, the calculation time is
long and cannot be applied in real-time measurement [16].
Based on the Cauchy argument principle method, some new
algorithms with good reliability and efficiency have been
proposed [17], [18]. A solution combining the advantages of
the above two methods was proposed. All complex
eigenvalues can be calculated without consuming too much

time [19].
First, the magnetic vector potentials Afilamentary,
[=1,2,...7 of all regions excited by a single-turn coil, as

shown in Fig. 2(a), are obtained. Then a superposition is
applied to calculate the magnetic vector potentials of all
regions excited by a multi-turn coil shown in Fig. 2(b) as
follows:

Alwﬂ(’”’ z)= J-:ﬂ _[:Z A(l),/namemm-(r’Z”"O»Zo)drodzo . (17)

In Fig. 2(b), the magnetic vector potential A5°% of the
region 3-4 is obtained by replacing z; in A$°# with z and z; in
A% with z and adding them together. Finally, the

superposition principle is applied again to derive the coil
impedance of multi-turn as follows:

Jjo2nN coil
= ) drd.
TGy L
JjourN* 4
—m‘l’ -x2(pr,pr3) , (18)
2 1 2 1
,[2(22 -z )p + eP(Zy—Zz) _eP(Zz‘Zy) + W]W;IW]
D7 -p~ x(pri.pry)
where [ is the current carried in each wire loop.
2(x.0) = [ R (), (19)
W, =(e™ —e™)C,, — (" —€e")B,,, (20)
=(AF'G +1,F'G)e™C,, 1)
-(MF'G -1,F'G")e"B,,
W, =(L,F'G —AF'G") (") —Pim2)) 22)
-(XIF%G + szflG* )(ep(Zrh.)_ep(Z.-h.)) >
Iy
x] =(T-U)e" "™ +(T+U)e" "™ (23)
2
C
47 _ leiph" [(H—l + N )Ee_%Cﬂ
B, , (24)

+(N"'$H)E ¢"B,,]
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C, 1_, 3. SPECIAL CASES
=—E [(MzK)C,, +(KFM)B,,], (25) . . .
B, 2 In order to investigate the transfer of magnetic flux along
the T-core column for detecting the layered conductor and
C i P . .
67 =le+.,,,, (K'E3M 'Eqk e ™ | 26) defect, severgl cases shown in Fig. 3 are e)fa'mmed. Fig. 3(a)
B, 2 shows the coil located at the uppermost position of the T-core
where column, and Fig. 3(b) shows the coil located at the lowermost
c C, position of the T-core column. The positions of the coil and
TR 27) " the T-core in Fig. 3(c) are the same as those in Fig. 3(a),

except that the part of the T-core column sticking out of the

B coil is removed. The position of the coil in Fig. 3(d) is the

B, =2". (28)  same as in Fig. 3(b), but without the T-core. The coil
impedance of the above-mentioned T-core probe over a

The definitions of matrices T, U, F, G, G*, N, H, M, K, D,  conductor with a surface hole can be calculated by (18).
and E are expressed in the appendix.

(a) (b)

(d)

Fig. 3. Several cases of probe configuration (a) The coil at the uppermost position of the T-core column, (b) The coil at the bottom of the
T-core column, (c) The coil at the uppermost position of the T-core column with the part extending out the coil removed, (d) Air- cored coil.

For the air-cored coil in Fig. 3(d), the magnetic vector

potential in each region is expressed as: u= v+ jouuo, (33)
A (r2)=J@"'rq e C,, (29) s, =q" + jouuo, . (34)
A(r,2)=J, q"r)q” (€ *C,-¢B,), (30) The expression for. impedance of the air-cored coil over the
layered conductor with surface layer hole can be derived as
J@HF 0<r<e follows:
AG(}",Z) — 1 uTr) I(VC) u—l(e—nzC6 _euzB6) - - , (3 1)
F(v'r)J (uc) c<r<b Jjou2zN’ "
Z=——"—=2(a1.91)q

(r _”1)2(22 -z)

A (r,z)=-J,(q"r)s;'e” B, , (32) 1 . o
7 ! ! 7 '{E[(Zz_zl)q'*'eq(1 z)_1]'*"‘]1“]21}

(35)

where E'q7 z(qr.q7)

14



MEASUREMENT SCIENCE REVIEW, 23, (2023), No. 1, 11-18

where
qar,
2aran)= [ @) @)dr), (36)
W, =[(z, _Zl)q_l“'eq(z'_zz)]Bﬂ (37)
+[ze*‘I(Zl+Zz) _ 6*2‘121 _ 6*2‘122 ]C57 ?

W, =(E'N-qE"'Vu )C,+(E'N+qE'Vu")B,,, (38)

C57 1 -1 -1 -1 -In — -1 -1
=IE"N+qE"Vu™)Cy +(E'NFqE Vu B, ],  (39)

57
C67 _leiud\ (NflE_ R NP A

= FuV Es; )e ™, (40)

B67

In order to investigate the impedance change of the T-core
coil due to a hole in the conductor, it is necessary to calculate
the coil impedance of the T-core coil above the layered
conductor of the same material and the same thickness
without a hole. If the hole in the conductor in Fig.2
disappears, the magnetic vector potentials of all regions
excited by the single-turn coil can be obtained, and the
expression for impedance of the T-cored coil over layered
conductor without a hole can be derived as follows [6]:

JjourN*
—m'P4Z(P”1,PVz)
2 1 2 1

'[Z(ZZ -z )p +eP(ZrZz) _eP(Zz*ZH + W1W;]W3] > (41)

D'p” x(pri.pry)

where
“/'1 — (e—l)zl _ e—PZz )C47 _ (el)zz _ ePZI )B47 , (42)
W, = (L, F'G+1,F'G"e™C,, 43)
~-(,F'G-1L,F'Ge™B,,
W. = (}" FiIG Y F*1G*)(ep(hl—zl) _ep(hl—Zz))

3 1 2 (44)

-(lej;IGji + )\‘ZF;:lG:, )(ep(zz_hl ) _ep(zl -h, )) ’

4. EXPERIMENTAL VERIFICATION

The coil, short column and long column T-cores used in
experiments are shown in Fig. 4. The T-cores with known
relative permeability are selected, and the permeability is
corrected by the experimental estimation method [1]. The
rectangular cross-section cylindrical coil is self-made. The
short column T-core can be used in the situation shown in
Fig. 3(c). Since the length of the long T-core column is
greater than the height of the cylindrical coil, the coil can
move up and down along the T-core column to change the
lift-off height of the coil, which can be used in the situations
shown in Fig. 3(a) and Fig. 3(b).

The experimental setup is shown in Fig. 5. The probes are
arranged above the surface of the layered conductor with a
hole, as shown in Fig. 3, the coil impedance is measured by
the GWInstek LCR-821 digital LCR meter. The layered
conductor is then removed and the impedance of the coil is
measured again for each case. The change of coil impedance
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caused by the layered conductor can be obtained by
subtracting the coil impedance without conductor from the
coil impedance with conductor. Change the excitation
frequency of the coil, and measure the change of coil
impedance at different frequencies, respectively.

Fig. 4. Coil and T-cores.

Fig. 5. Experimental setup of T-core coil above the layered
conductor with a surface hole.

Table 1. Parameters of the coil, core and conductor used in
analytical calculations, FEM and experiments.

Coil Parameter  Value
Inner coil radius 71 5.2 mm
Outer coil radius " 7.2 mm
Number of turns N 416
T-Core Parameter  Value
Inner core radius ai 4 mm
Outer core radius a 8 mm
Liftoff 1 ho 0.1 mm
Inner core height h 15.4 mm
Outer core height h> 17.8 mm
Liftoff 2 h3 4.3 mm
Relative permeability e 2000
Conductor Parameter  Value
Relative permeability e, 17 1
Conductivity 06 36 MS/m
Conductivity o7 36 MS/m
Hole radius c 4 mm
Thickness di 4 mm
Radius of the domain b 90 mm

5. RESULTS AND DISCUSSION

According to (18), Mathematica is used to calculate the
coil impedance of the T-core probe located above the layered
conductor with a hole. The parameters used in the calculation
are shown in Tablel. When calculating the probe
configurations as shown in Fig. 3(a) and Fig. 3(c), the
parameters are z;=4.8mm and z=14.1 mm. When
calculating the cases shown in Fig. 3(b) and Fig. 3(d), the
parameters become z; = 0.3 mm, z; = 9.6 mm.

The impedance of air-cored coil is calculated with (35). In
all calculations, the domain radius is » = 90 mm (12.5 times
the outer radius of the coil) and the number of summation
terms Ns = 60.
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First, the coil impedance Z= R + jX is calculated when the
probe is placed over the conductor with conductivities
06 = 07 =36 MS/m, and then the coil impedance Zy = Ry + jXo
is calculated when the conductor is absent (o6 = 07 = 0). The
change of coil resistance due to the layered conductor is
denoted as AR = R - Ry, and the change of reactance is denoted
as AX=X-Xo. The analytical calculation results are
compared with data of experiments and the finite element
method using the ANSY'S software package.

Fig. 6 shows the changes of coil impedance on a layered
conductor with a hole for four different configurations of
probes at different excitation frequencies. Among them, T-
core-long-up and T-core-long-low indicate that the coil is
located at the uppermost position and bottom of the T-core
column, respectively. T-core-short indicates that the coil is
located at the uppermost position of the T-core column, but
the part extending out of the coil is removed. Air-core is air-
cored coil. In all cases, the relative errors of the results of the
TREE method, FEM and experiment are less than 2%.

20

—6—FEM

T-core-long-low

AR(Q)

201

a0k T-core-short

-60}

AX(Q)

-80F

-100

—©—FEM

—#— TREE
—4&— EXP

T-core-long-low
-120F

140 . . . .
0 2 4 6

Frequency (kHz)
(b)

Fig. 6. The changes of coil (a) resistance and (b) reactance as a
function of frequency for different cases of probes due to the layered
conductor.

10

In the frequency range from 0 to 10 kHz, when the coil is
located at the uppermost position of the core column, the
impedance change of the coil with the core extending to the
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surface of the conductor is larger than that of the coil without
the extended core. At a frequency of 10 kHz, the resistance
changes of the two coils are 10.6 Ohm and 4.3 Ohm,
respectively, the former is almost 2.5 times the latter. The
results show that the magnetic flux can be transferred to the
conductor along the magnetic core, which enhances the eddy
current in the conductor.

The coil impedance change due to the hole in the upper
layer conductor is calculated by subtracting the impedance of
the coil over the layered conductor without a hole from the
impedance of the coil over the layered conductor with a hole.
Because the impedance change caused by the hole in the
conductor is very small, it is difficult to measure accurately
with an LCR meter. Therefore, only the data of FEM are
compared with analytical calculated results.

The parameters of coil, T-core and conductor used in the
analytical calculation and FEM are shown in Table 2. In order
to obtain distinguishable impedance changes in calculation,
some of the parameters have been changed.

Table 2. Parameters of the coil, core, and conductor used in
analytical calculations and FEM.

Coil Parameter  Value
Inner coil radius r 4.5 mm
Outer coil radius ” 8.5 mm
Number of turns N 800
T-Core Parameter  Value
Inner core radius ai 4 mm
Outer core radius a 9 mm
Liftoff 1 ho 0.5 mm
Inner core height h 14 mm
Outer core height hy 16 mm
Liftoff 2 h3 5.5 mm
Relative permeability  ur 500
Conductor Parameter  Value
Relative permeability w6, 17 1
Conductivity 06 16 MS/m
Conductivity 07 10 MS/m
Hole radius c 4 mm
Thickness di 6 mm
Radius of the domain b 90 mm

When calculating the probe configuration as shown in
Fig. 3(a) and Fig. 3(c), the parameters are z; = 5.5 mm and
2o =13.5 mm. When calculating the probe situation as shown
in Fig. 3(b) and Fig.3(d), the parameters change to
z1 =0.5 mm and z; = 8.5 mm. When the situation is as shown
in Fig. 3(c), since the part of the core extending out of the coil
is removed, the parameter is 43 = 5.5 mm.

According to the parameters in Table 2, the impedance of
the coil located on the layered conductor with a hole is
calculated by equation (18), denoted as Z=R+jX. The
impedance of coil located above the conductor without a hole
is calculated with (41) and is written as Z. = R. + jX.. The
changes of coil resistance, reactance and inductance due to
the hole in the upper layer conductor are denoted as
AR:=R-R., AX;=X-X.and AL, = L - L., respectively. The
coil impedance and inductance changes due to the hole of the
conductor are also analyzed by the ANSYS software. The
results are shown in Fig. 7.
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Fig. 7. The changes of coil (a) resistance, (b) reactance, and
(c) inductance as a function of frequency for different cases of
probes due to a hole in the upper layer conductor.

For the two probe configurations shown in Fig. 3(a) and
Fig. (3¢), the excitation frequency is 10 kHz and the lift-off
of the coils is the same, the resistance changes of coil due to
the hole are 1.62 Ohm and 0.0192 Ohm, respectively, the

former is more than 85 times that of the latter. It indicates that
the part of the core extending out of the coil can transfer the
magnetic flux and enhance the eddy current in the conductor,
which is beneficial to the detection of defects.

6. CONCLUSIONS

An analytical model of a T-core probe placed above a
conductive half-space layered structure with a hole in the
upper layer is proposed. The final expression of the coil
impedance is derived using the TREE method. The results
show that the ferrite T-core column helps to transfer the
magnetic flux to the layered conductor and enhances the eddy
current in the layered conductor.

The proposed analytical model can be used for computer
simulation of eddy current testing, probe design or directly
implemented in eddy current measurement. The effect of
magnetic flux transfer along the T-core column can be
applied in the eddy current detection of deep defects in a
complex layered conductor, such as a fastener hole structure
in the layered conductor.

APPENDIX

T=[1,]= [ ry(@r)Jy(mdr+ | 1l (ar)L,(m"r)dr, (A1)

U =[u,1=— [, (@), (m"P)dr+ | 1@ L(m e (A2)
g u, 0 a >

G =lg,1=[" 1, (mr)J (p"r)dr + [ 1 (mr)R, (p"r)dr
) ! . (A3)
+ [ rLy(mr)R,(p"r)dr
G =[g)]=— [ 7, (mr)J (7 r)dr+ [ 17, (mr )R, (p" )
. | . (A4)

b
+ ], L, (mr)R (p"r)dr
H=[,1= [ 1], @)J,(0")dr+ | 1, (@R, (0" )dr, (AS)
N = 1= [ @)@ [ @R BT (A6)
/ 1

M =[m,]= F,(v'e)|, rJ,(ar)J,(u"r)dr
: (A7)
+vu'J, (u"e) j Ty (qr)Fy (VT r)dr

K =[k,]=F,(v'o)[ #/,(ar)J,(u"r)dr
, , (A8)
+J,0"O)[ 1 (@) F (v r)dr

E=le,1= [ ,(ar)Jo@"dr = [} ], (@)@ dr, (A9)

F=[f]= jo"z rJ,(mr)J, (m"r)dr + jb rLy(mr)Ly(m"r)dr | (A10)

D=[d,]= ﬂi [ 7,0, dr + [ R )R 0" (A1)
f 1
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