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An analytical model for eddy current testing of an I-core coil located above a two-layer conductive material is presented. The upper layer is 
an infinite plane conductor, and the bottom layer is a conductive cylinder. The method of truncated region eigenfunction expansion (TREE) 
is used to solve this axisymmetric problem. First the magnetic vector potential of a filamentary coil coaxial with the I-core over the two-
layer conductor is considered. Then the closed form expression for the impedance of the multi-turn coil with rectangular cross section is 
derived by using the principle of superposition from the filamentary coil field. For frequencies ranging from 0.1 kHz to 10 kHz, both the 
impedance changes of the I-core coil located above the infinite plane conductor without the conducting cylinder, and in the absence of the 
two-layer conductor are calculated using Mathematica, respectively. The influence of the conducting cylinder below the infinite plane 
conductor on the impedance change is analyzed. The analytical calculation results are verified by the finite element method and experiment, 
the results agree very well, which verifies the correctness of the analytical model. 
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1.  INTRODUCTION 

Eddy current testing (ECT) is a nondestructive method used 
for detection of surface and subsurface defects of conducting 
material. In addition, eddy current probes have many 
applications in practice, such as material characteristics 
evaluation, coating thickness measurement of conductor, or 
they are directly applied to detect buried defect in multi-
layered conductor [1], [2]. Usually, a coil of rectangular 
cross-section surrounds a coaxial cylindrical ferrite core to 
obtain a higher flux, the flux concentration can achieve the 
effect of improving the sensitivity of the probe. In order to 
use the changes of coil impedance measured in ECT to 
perform inversion algorithm for obtaining accurate 
conductive material characteristics or defect shape in 
conductor, it is necessary to derive an analytical model that 
can realize the simulation of the measurement process and 
calculate the coil impedance accurately. 

The truncated region eigenfunction expansion (TREE) 
method truncates the solution region in one coordinate 
dimension and results in an approximate expression of the 
unbounded domain solution, but the error introduced by 
truncation can be reduced by increasing the width of the 
region. The integral solution in the infinite region converts 
into a series solution in the truncated region [3], [4]. Due to 
the advantages of fast calculation speed and adjustable 
solution accuracy, the TREE method has been used in various 

eddy current analytical models. The models of I-core, C-core, 
and E-core probes applying the TREE method used for 
evaluation of layered conducting half-space were presented 
in [5]-[7]. Analytical models of I-core and E-core coils 
located above a multi-layer conductor containing cylindrical 
air hole were obtained in [8]-[10]. However, the analytical 
problem of a ferrite cored-coil located above a small size 
conductor such as a conductive cylinder is rarely discussed. 
But sometimes we may encounter problems such as detecting 
the existence of a small size conductor and identifying its 
material properties. A model for coin validation using an air-
core coil was presented in [11], and the final expression of 
impedance change was obtained by superposing the field 
from the isolated coil and the field from the coin. But this 
method is not suitable for solving the problem of ferrite-cored 
coil located above the conductor, because the field of core 
will be affected by the eddy current in the conductor [11], 
[12].  

As shown in Fig.1. a multi-turn I-core coil with a 
rectangular cross section is placed over a two-layer structure 
composed of an upper infinite plane conductor and a bottom 
conducting cylinder. The TREE method is used to solve this 
I-core coil impedance calculation problem, and finally the 
matrix form coil impedance expression is obtained. The coil 
impedances are calculated in Mathematica and are in good 
agreement with the results of finite element method and 
experiments. 
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Fig.1.  Cross-sectional view of an I-core coil located above an 
infinite plane conductor and a conductive cylinder. 

 
In Fig.2. the I-core coil is located above a top-layer infinite 

plane conductor with permeability 5µ  and conductivity 5σ , a 
second-layer conductive cylinder with permeability 6µ  and 
conductivity 6σ . The thickness of the infinite plane 
conductor is d2-d1. The radius of the conducting cylinder is c 
and the thickness is d3-d2. The coil height is z2-z1, with an 
inner radius of r1 and an outer radius of r2. The I-core has a 
relative permeability of μf, a radius of a1, and a height of h1. 
Cylindrical coordinate system is adopted, and the radius of 
the truncated region is b. The whole problem region is divided 
into seven regions along the axial direction. According to 
Dirichlet boundary conditions, the discrete eigenvalues of 
each region need to be calculated to determine the expression 
of magnetic vector potential of each region. The components 
of magnetic vector potential disappear at r = 0 and r = b must 
be satisfied. 
 

 
 a) 

 

 

b) 
 

Fig.2.  a) filamentary and Fig.2.b) multi-turn axially symmetric I-
core coil located above an infinite plane conductor with a conductive 
cylinder below. 

2.  THEORY ANALYSIS 
The single-turn coil, as shown in Fig.2.a), was analyzed 

first. The eigenvalues of each region were defined as follows. 
The eigenvalues qi of regions 1, 4, 5, and 7 are the positive 

real roots of the following equation: 
 

1( ) 0, 0,1, 2,..., .iJ q b i Ns= =                      (1) 
 
Because regions 2 and 3 comprise two sub-regions, the 

magnetic core and the air, the radial dependence in the 
expressions for these two sub-regions can be written as 
below: 

 
1 1( ) 0core E iA A J p r r a= ≤ ≤                (2) 

 
1 1 1 1 1( ) ( )air E F i E F iA A B J p r A C Y p r a r b= + ≤ ≤   (3) 

 
Where pi are the corresponding discrete eigenvalues. In 

regions 2 and 3, the continuity of Br and Hz on the interface r 
= a1 yields the following expressions for B1F and C1F: 
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Since at the boundary r = b, 0),( =zbAϕ  must also hold, the 

following equation is formed:  
 

1 1 1 1 1( ) ( ) ( ) 0i F i F iR p b B J p b C Y p b= + =           (6) 
 
The eigenvalues pi are the real positive roots of (6). 
Region 6 contains two sub-regions. Sub-region I (0 ≤ r ≤ c) 

contains conductive material, and sub-region II (c ≤ r ≤ b) 
contains air. The magnetic vector potentials of these two sub-
regions can be expressed in the following form: 

 
1 1( ) ( ) 0I E i iA A J v r F u c r c= ≤ ≤                  (7) 

 
1 1( ) ( )II E i iA A J v c F u r c r b= ≤ ≤                   (8) 

 
where 

 
1 1( ) ( ) ( ) ( ) ( )n i n i i i n iF u r J u r Y u b J u b Y u r= −                (9) 

 
The relationship between ui and vi is     
 

2
0 6 6i iu v jωµ µ σ= +                        (10) 

 
where Jn and Yn are Bessel functions of order n. 

At the radial interface r = c, the following equation can be 
obtained according to the interface conditions: 
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Calculation of eigenvalues ui and vi is reduced to finding 
complex roots of (11). Using numerical procedures, such as 
FindRoot[ ] in Mathematica or fzero( ) in Matlab, requires 
providing initial values around which the roots are located. 
Such initial values may be obtained upon the assumption that 
sub-regions I and II consist only of air. Unfortunately, this 
method may lead to omission of some roots. Higher 
efficiency can be achieved using the Newton-Raphson 
technique or adopting more complex algorithms [13], [14]. 

Following the separation of variables, the expressions for 

ϕA  in the various regions of the problem in Fig.2.a) have the 
following form which is given in matrix notation: 

 
1
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1

7 1 7( , ) ( ) zA r z J r e−= T qq q B                    (18) 
 

where  
2

5 0 5jωσ µ µ= +m q                            (19)  
 

1( )J rTq , 1( )J rTp , 1( )R rTp , 1( )J rTv , 1( )F rTu are row vectors.
1−q , 1−p , 1−m , 1−u , 1( )J cv , 1( )F cu  and exponents ze±q , ze±p , ze±m ,
ze±u  are diagonal matrices. Ci and Bi are column vectors of 

unknown coefficients.  
In the filamentary coil problem shown in Fig.2.a), the 

interface conditions between the seven regions (the continuity 
of Bz and Hr) must be satisfied. Equations are formulated and 
solved from these boundary and interface conditions to 
determine the unknown coefficients and the magnetic vector 
potentials of each region. The magnetic vector potential of a 
multi-turn coil as shown in Fig.2.b) can be obtained by 
integrating the magnetic vector potential of a filamentary coil 
Afilamentary(r,z,r0,z0) along the rectangular cross section of a 
multi-turn coil [15]. 
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The magnetic potential A2-3(r, z) of region 2-3 in Fig.2.b) 

can be obtained by substituting z for z2 in A2(r, z) and z for z1 
in A3(r, z), and then adding them together. 

The expression for the I-core coil impedance above the two-
layer conductor is finally obtained by integrating the 
magnetic vector potential A2-3(r, z) over the cross section of 
the coil. 
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where I is the current carried in each wire loop. 
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Where T, U, H, N, K, and V are full matrices. E and D are 
diagonal matrices, they are defined in the Appendix. 
 
3.  RESULTS AND DISCUSSION 

The impedance Z = R+jX of an I-core coil located above the 
infinite plane conductor with the conductive cylinder below 
was calculated using Mathematica according to (21). The 
parameters of the coil and conductive material used in the 
calculation are shown in Table 1.  

When the conductor is absent (σ5 = σ6 = 0), the whole 
problem region is reduced into four regions. The expression 
of the magnetic vector potential of region four changes to the 
following form: 

 
1

4 1 4( , ) ( ) zA r z J r e−= T qq q B                       (36) 
 
In this case, the coil impedance can also be calculated using 

(21), and the coil impedance is expressed as Z0 = R0+jX0, W1 
and W2 change into the following forms:  

 
1 2 2 1

1 34 34( ) ( )z z z ze e e e− −= − − −p p p pW C B                  (37) 
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Table 1.  The parameters of the coil, core and conductor used in 

analytical calculations and FEM. 
 

Inner coil radius  r1 5 mm 
Outer coil radius  r2 8 mm 

Offset z1 0 mm 
Parameter  z2 7 mm 

Number of turns  N 800 
Core relative permeability μf 500 

Core radius a1 4.5 mm 
Core height h1 8 mm 

Liftoff   d1 0.2 mm 
Parameter  d2 0.4 mm 
Parameter  d3 5.4 mm 

Conductive cylinder radius c 15 mm 
Relative permeability  μ5,μ6 1 

Conductivity  σ5 10 MS/m 
Conductivity  σ6 16 MS/m 

Truncated domain radius  b 60 mm 
Summation terms Ns 60 

 
When the probe is placed over an infinite plane conductor 

with the conducting cylinder below and with the two-layer 
conductor removed, the change in coil impedance is 
expressed as ΔZ = ΔR+jΔX = Z - Z0. Specifically, the changes 
in resistance and reactance are expressed as ΔR = R - R0 and 

ΔX = X - X0, respectively. When the coil excitation frequency 
varies from 0.1 kHz to 10 kHz, the impedance changes of the 
I-core coil are calculated respectively. 

The analytical calculation results were compared with the 
results of the finite element method (FEM) using the ANSYS 
Maxwell software. In the FEM, an adaptive mesh refinement 
method is used to increase the number of meshes on the 
surface of the coil and conductor, so as to improve the 
accuracy of simulated results. 

Fig.3.a) and Fig.3.b) show the real and imaginary parts of 
the I-core coil absolute impedance change with and without 
the two-layer conductor as a function of frequency, obtained 
from analytical calculation and the finite element method, 
respectively. It can be seen from Fig.3.a) that the absolute 
resistance variation of I-core coil and air-core coil increases 
with the increase of frequency. Excitation by the same 
frequency, the absolute values of resistance and reactance 
change of I-core coil are greater than those of air-core coil. 
The absolute impedance variation obtained by the TREE 
method is in good agreement with the results obtained by 
FEM. The maximum relative error between analytical 
calculation and FEM is not more than 1.0 %. 

 

 

a) 

 
b) 
 

Fig.3.  a) Real part and b) Imaginary part of the absolute impedance 
change with and without the two-layer conductor as a function of 
frequency for an air-core coil (μf = 1) and an I-core coil (μf = 500). 
 

The influence of the conductive cylinder below the infinite 
plane conductor on the variation of coil impedance depends 
on many factors, such as dimensions of conductive cylinder, 
conductor characteristics and probe parameters. In order to 
detect the conducting cylinder below the plane conductor, the 
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analytical model should be capable of calculating the 
impedance change caused by the conducting cylinder.  

When an I-core coil is located above the infinite plane 
conductor without the conductive cylinder, the whole region 
is divided into six regions, the expression of the magnetic 
vector potential of region six changes to the following form: 

 
1

6 1 6( , ) ( ) zA r z J r e−= T qq q B                                 (41) 
 
The impedance of the I-core coil can also be calculated 

using (21), and the coil impedance is Zc = Rc + jXc, in this 
case, W1 and W2 change into the following forms:  

 
1 2 2 1

1 36 36( ) ( )z z z ze e e e− −= − − −p p p pW C B                     (42) 
 

1 1
2 36 36( ) ( )h he e−= − − +p pW T U C T U B                   (43) 
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The changes in coil resistance and reactance due to the 

presence of conductive cylinder are expressed as ΔRc = R - Rc 
and ΔXc = X - Xc. Fig.4.a) and Fig.4.b) show the absolute coil 
resistance variation ΔRc and reactance variation ΔXc in 
relation to different excitation frequency. 

It can be seen from Fig.4.a) that when the excitation 
frequency is about 4 kHz, the I-core coil and the air-core coil 
have the same real part of absolute impedance variation. At 
the same frequency, the absolute value of the imaginary part 
of impedance change of I-core coil shown in Fig.4.b) is larger 
than that of the air-core coil. 

  

a) 

 

b) 
 
Fig.4.  a) Real part and b) Imaginary part of the absolute impedance 
change with and without the conductive cylinder as a function of 
frequency for an air-core coil (μf = 1) and an I-core coil (μf = 500). 

 

  

a) 

 

b) 
 

Fig.5.  a) Real part and b) Imaginary part of the absolute impedance 
changes as a function of frequency for I-core coil. 
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Fig.5.a) and Fig.5.b) show the real and imaginary parts of 
the absolute impedance variation of the I-core coil at different 
frequencies, caused by the presence or absence of the 
conductive cylinder and the presence or absence of the two-
layer conductor at the same excitation frequency.  

It can be seen from Fig.5.a), when the frequency is less than 
0.8 kHz, real parts of the absolute impedance changes of the 
two cases are nearly the same. When the frequency is greater 
than 0.8 kHz, real part of the absolute coil impedance change 
caused by the two-layer conductor is greater than that caused 
by the conductive cylinder.  

Fig.5.b) shows that when the frequency is less than 2.5 kHz, 
the imaginary part of absolute impedance changes is basically 
the same, but when the frequency is greater than 2.5 kHz, the 
absolute value of imaginary part of impedance changes 
caused by the two-layer conductor is greater than that caused 
by the conductive cylinder. 
 
4.  EXPERIMENTAL VERIFICATION 

Experiments were also set up to verify the expression of 
impedance for an I-core coil in (21). An I-core coil, 
conductive cylinder and plane conductor are shown in 
Fig.6.a) and Fig.6.b), respectively. The parameters of the coil, 
core and conductors used in experiments are shown in 
Table 2.  

 

  
a)  
 

 
b) 
 

Fig.6.  a) I-core, coil and b) conductors used in experiments. 
 
The experimental configuration is shown in Fig.7. The 

unknown impedance of the coil is calculated by measuring 
the voltage and current values across the coil. The current is 
obtained by measuring the voltage drop across a precision 
resistor of 1 kΩ in series with the coil. A Tektronix 
AFG3021C function generator is used to provide sine wave 
excitation of different frequencies to the coil. The 
AFG3021C’s bandwidth of 25 MHz is well-suited for this 
measurement. The voltages and phase difference before and 
after the 1 kΩ precision resistor are measured by a Tektronix 
DPO2012B oscilloscope. The DPO2012B’s DC gain 
accuracy is ±3 % at a 10 mV/div to 5 V/div setting. The 
results of impedance change achieved by experiments and 

analytical calculation at nine different frequencies are 
compared in Table 3. The results match very well, and they 
verify the correctness of the analytical model. 
 

Table 2.  The parameters of the coil, core and conductors used in 
experiments and analytical calculations. 

 
Inner coil radius  r1 5.2 mm 
outer coil radius  r2 7.2 mm 

Offset z1 1.2 mm 
Parameter  z2 9.2 mm 

Number of turns  N 387 
Core relative permeability μf 2000 

Core radius a1 4 mm 
Core height h1 10.5 mm 

Liftoff   d1 0.1 mm 
Parameter  d2 0.6 mm 
Parameter  d3 4.6 mm 

Conductive cylinder radius c 15 mm 
Relative permeability  μ5,μ6 1 

Conductivity  σ5 36 MS/m 
Conductivity  σ6 36 MS/m 

Truncated domain radius  b 60 mm 
Summation terms Ns 60 

 

 
 

Fig.7.  Experimental setup. 
 

Table 3.  The impedance changes of I-core coil located above a two-
layer conductor and in the air obtained by the TREE method and 
experiments. 

 
Frequency 

(kHz) 
ΔZ [Ohm] 

TREE Experiment 
10 8.39-60.64i 8.23-59.39i 
15 10.59-93.61i 10.60-94.06i 
20 12.44-126.93i 12.78-128.63i 
25 14.08-160.47i 13.96-161.53i 
30 15.56-194.17i 15.41-202.69i 
35 16.93-228.02i 16.82-213.70i 
40 18.20-261.94i 18.07-262i 
45 19.40-295.91i 19.23-306.18i 
50 20.53-330.02i 20.59-333.61i 

 
5.  CONCLUSION  

In this paper, an analytical model for calculation of the 
impedance of an I-core coil placed above an infinite plate 
conductor and a conducting cylinder is presented. A closed 
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form impedance expression of the I-core coil is derived by the 
TREE method. The calculation of coil impedance is 
performed in Mathematica software, and the calculation 
accuracy can be controlled by changing the truncated solution 
domain and the summation terms. The analytical results are 
in good agreement with the finite element method and the 
experimental results. The proposed analytical model can be 
applied to design eddy current probes, simulation of defect 
detection in ECT, and it can also be directly applied in the 
evaluation of multi-layer conductor. 
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