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Abstract: In this work, an analytical model was derived for an air-core probe placed above a disc whose upper layer has a larger diameter
than the lower layer. The proposed solution can be utilised in eddy current testing of screws, rivets, valves, and other elements with similar
geometry, and made of electrically conductive materials. The final formulas for the change in the probe impedance were obtained using the
truncated region eigenfunction expansion (TREE) method and expressed in closed form. The calculations were performed in Matlab for two
disc configurations made of bronze, brass, and graphite. The results of the calculations of the impedance components were compared with
the results of the measurements. Very good agreement was obtained within the entire frequency range. In no case did the errors in determining

changes in resistance or reactance exceed 2 %.
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1. INTRODUCTION

The increase in computer processing power has enabled
mathematical models to play a significant role in eddy current
testing. A typical model implemented in any computing
environment enables accurate calculations, with results
characterised by small errors relative to the measurement
data. As a result, it is possible to perform computer
simulations of eddy current inspections, which are extremely
advantageous for the correct interpretation of data obtained
from a measuring device. In this way, mathematical models
are utilised to assess the technical condition of a tested
component, determine its geometric dimensions, and
determine optimal values for test parameters, such as the
operating frequency of the probe or the lift-off distance. All
of these applications require many thousands of
computational iterations. The most convenient models for
this purpose are analytical models, which are significantly
faster than numerical models based on mesh methods, such
as the finite element method.

The truncated region eigenfunction expansion (TREE)
method has enabled the derivation of analytical solutions for
many eddy current problems [1]-[3]. The first mathematical
models dealt with conducting half-spaces [4], plates [5], and
rods [6]. Gradually, the models were extended to include core
probes such as I-core [7], C-core [8], and pot-core [9]. The
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development of efficient root-finding algorithms [10]-[11]
allowed for the derivation of solutions for materials
containing defects [12]. Subsequently, final formulas were
presented for geometries in which the analysed element had
the shape of a single-layer disc [13]. An analytical model of
an air-core probe placed over a disc composed of several
layers of the same diameter was presented in [14]. What
constituted a significant step in the evolution of analytical
modelling was the consideration of different diameters of the
disc layers [15]. However, in the developed model, the
diameter of the upper layer of the disc must always be smaller
than the diameter of the lower layer. In contrast, in many
practical solutions — such as inspections of screws, rivets, or
valves — there is a need to use a disc with inverse geometry.
The novelty of this work lies in the development of an
analytical model for an air-core probe placed over a disc
whose upper layer has a larger diameter than its lower layer.
The final expressions for the change in the probe impedance
were presented in closed form and implemented in Matlab.
The calculations and experiments were performed in the
frequency range from 500 Hz to 15 kHz, for two sets of discs
made of different conductive materials. The calculated results
of the probe resistance and reactance were compared with the
values obtained from the measurements, yielding very good
agreement in all cases.
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2. SOLUTION

The cross-section of an air-core probe with inner radius
r; and outer radius r, placed over a two-layer disc is shown
in Fig. 1. The disc consists of an upper layer with radius a,
and electrical conductivity oy, and a lower layer with radius
a, and electrical conductivity g,. To derive an analytical
model for the analysed probe-disc configuration, the TREE
method was employed. Due to the shape of the coil and disc,
the problem was considered in a cylindrical coordinate
system. The solution domain was divided into four regions
and restricted in the radial direction to the value of parameter
a. The eigenvalues were designated as a (regions 1 and 4),
p1 (region 2), and p, (region 3). In accordance with the TREE
methodology, applying the magnetic field continuity
conditions across the adjacent regions yielded a system of six
interface equations. Compared to other analytical models,
a key aspect is finding a solution for the interface z = b, that
separates the two disc layers. For this purpose, it is necessary
to formulate an appropriate integral equation in the following
form:

U= farFl(r)Fz(r)dr (1)
0

where:
_ J1(q:")R (p1a;) 0<r<a
Fi(pir) = {]1(q1a1)R1 1) ay<r<a’ @)
_ J.(q2r)R(pa;) 0<r<a,
Fa(por) = {]1(q2a2)R1(p2r) a<r<a’ @)
R (pr) =] (pr)Y,(pa) — J,(pa)Y,(pr) (4)

and J, (x), Y, (x) are Bessel functions of the first and second
kind, respectively. Equation (1) can also be written as a sum
of 3 integrals.

U= farFl(r)Fz(r)dr =
0 o
= R;(p1a,) R1(P2az)f rJ1(q17) J1(q,r)dr +
0
+R1(p1a1)]1(q2a2)j 17']1(‘117') R, (p,r)dr + ®)

+]1(‘I1a1)]1(‘12a2)f TR (p17) Ry (por)dr.

Afterwards, using the formulas for the expansion of the integrals of products of special functions, the subsequent terms of

the matrix U were written as sums of series.

_ a2R1(P1,ia1) R1(P2,ka2)
qii - ‘I%,k
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(425 J1(a1,:a2) Jo(@2a2) — G2 J0(q1402) J1(d2paz) +
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=, [Pai]1(4192) Ro(P2xaz) — 91 Jo(q1,a2) Ri(P2ras)]} —
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A general expression for the change in the impedance of
a coil over conductive material was formulated in [5] as:

jw2mN?

AZ =
(r; —=1)?%(2z2 — 1)

Z2 (T2
f f rA,(r,z)drdz. (7)
Z1 !N

where w is the angular frequency of the probe, A4, is the
magnetic potential of region 1, and N is the number of coil
turns. After determining the elements of the U matrix and
integrating over the coil volume, the final formula for a probe
placed above a double-layer disc was derived (Fig. 1).
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and the coefficient D, ; is defined in [15].

Jw2mN?

AZ =
(r; = 1)%(z; — 21)?
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Fig. 1. Cross-section of a coil located over a disc with two layers of
different diameters.
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3. RESuLTS

Equation (7) was implemented in Matlab. The calculations
were performed for 75 frequency values ranging from
f =500Hz to f=15kHz. The air-core probe was then
connected to the Keysight E4980A precision LCR meter
using Kelvin clips. The probe used, with a height of
z, —z; = 5mm and a radial width of r, —r, = 2.8 mm,
had 1550 turns. Two sets of discs made of different materials,
with the parameters presented in Table 1, were prepared.
The first step consisted of measuring the impedance
Zy = Ry + jX, for the probe placed at a distance from the
conductive material. Subsequently, impedance Z = R + jX
was measured after the probe was placed on the double-layer
disc. The normalised values of the changes in resistance
(R — Ry)/X,, obtained from the measurements and calcu-
lations, are presented in Fig. 2, and the normalised values of
the changes in reactance (X — X,)/X, are shown in Fig. 3. In
all of the cases, the difference in the values of the probe
impedance components obtained from the calculations and
measurements did not exceed 2 %. The results of the
measurements and calculations were also compared for two
frequency values in Table 2. The error was slightly smaller
for changes in resistance 4R = R — R, than for changes in
reactance 4X = X — X,.
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Fig. 2. Normalised changes in the resistance 4R.
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Fig. 3. Normalised changes in the resistance AX.

Table 1. Parameters of the two-layer discs.

Set Layer Material Diameter Thickness Conductivity
[mm] [mm] [MS/m]
1 Upper Bronze 59.62 2.07 6.09
Lower Brass 39.92 5.12 14.22
) Upper Bronze 59.62 2.07 6.09
Lower Graphite 30.15 5.02 0.52

Table 2. Changes in the coil impedance AZ = Z — Z,, for frequency
f=1kHzand f = 10 kHz.

Calculations  Error  Error
AZ [Q] AR [%] AX [%]
23.07-j27.06 0.4 1.4

259.0-j658.4 1.2 13
21.95-j7.93 05 0.4
312.3-j693.3 0.7 1.2

Set Freq.  Experiment
f [kHz] AZ [Q]
1 23.18-j27.43

10 256.1-j 667.1
1 22.05-j7.97
10 310.0-j 701.5

1

2

4. CONCLUSION

The proposed analytical model enables calculation of
changes in the probe impedance when it is placed over
a conductive disc, with the upper layer having a larger
diameter than the lower layer. The disc layers may have any
thickness, diameter, and electrical conductivity. The final
formula for the change in probe impedance was written in
closed form to be implemented in any computational package
or programming language. The calculation results for the two
disc configurations showed a small error, which did not
exceed 2 %. Therefore, the developed model can be
successfully employed for computer simulations of eddy
current inspections of elements, such as screws, rivets, and
valves. Further work is planned to develop analytical
solutions for probes containing coils with a core and for other
shapes of tested components.

REFERENCES

[1] Xiang, Y., Luo, Y., Tytko, G., Zhou, X., Zhu, Y., Yang,
X., Yu, Y. (2024). Analytical model of an I-core coil
inside a metal tube of finite length. Journal of
Electromagnetic Waves and Applications, 38 (13),
1464-1479.
https://doi.org/10.1080/09205071.2024.2380071

[2] Guo, R, Yu, K., She, S., Zheng, X., Yin, W. (2025).
Measurement of finite plate size in pulsed eddy current
testing. Measurement, 251, 117202.
https://doi.org/10.1016/j.measurement.2025.117202

[3] Xiang, Y., Luo, Y., Du, Z., Tytko, G., Wang, Y., Chen,
Z. (2025). Eddy current induced in a finite-length tube
by a C-Core sensor in arbitrary axial position. IEEE
Transactions on Magnetics, 61 (5), 6300107.
https://doi.org/10.1109/TMAG.2025.3554762

[4] Koliskina, V., Volodko, I. (2009). Impedance of a coil
above a half-space with varying electric and magnetic
properties. Scientific Journal of Riga Technical
University, 5 (41), 44-48.

170


https://doi.org/10.1080/09205071.2024.2380071
https://doi.org/10.1016/j.measurement.2025.117202
https://doi.org/10.1109/TMAG.2025.3554762

[5]

(6]

[7]

(8]

[

[10]

MEASUREMENT SCIENCE REVIEW, 26, (2026), No. 4, 168-171

Theodoulidis, T. P., Epameinondas, E. K. (2006). Eddy
Current Canonical Problems (with Applications to
Nondestructive Evaluation). Tech Science Press, ISBN
0-9717880-1-4.

Sun, H., Bowler, J. R., Theodoulidis, T. P. (2005). Eddy
currents induced in a finite length layered rod by a
coaxial coil. IEEE Transactions on Magnetics, 41 (9),
2455-2461.
https://doi.org/10.1109/TMAG.2005.855439

Wang, R., Yu, H., Tang, J., Feng, B., Kang, Y., Song,
K. (2023). Optimal design of iron-cored coil sensor in
magnetic flux leakage detection of thick-walled steel
pipe. Measurement Science and Technology, 34 (8),
085123. https://doi.org/10.1088/1361-6501/acd39c
Bayani, H., Theodoulidis, T., Sasada, 1. (2008).
Solution to the problem of cup-cored coil above a
layered half-space. Iranian Physical Journal, 2, 49-53.
Sakkaki, F., Bayani, H. (2012). Solution to the problem
of E-cored coil above a layered half-space using the
method of truncated region eigenfunction expansion.
Journal of Applied Physics, 111, 07E717.
https://doi.org/10.1063/1.3675183

Vasi¢, D., Ambrus, D., Bilas, V. (2016). Computation
of the eigenvalues for bounded domain eddy-current
models with coupled regions. IEEE Transactions on
Magnetics, 52 (6), 7004310.
https://doi.org/10.1109/TMAG.2016.2518993

171

[11]

[12]

[13]

[14]

[15]

Theodoulidis, T., Skarlatos, A., Tytko, G. (2023).
Computation of eigenvalues and eigenfunctions in the
solution of eddy current problems. Sensors, 23 (6),
3055. https://doi.org/10.3390/s23063055

Zhang, S. (2023). Investigation of flux transfer along
ferrite core of probe coil for eddy current nondestructive
evaluation. Measurement Science Review, 23 (1), 11-
18. https://doi.org/10.2478/msr-2023-0002

Tytko, G. (2021). Eddy current testing of small radius
conductive cylinders with the employment of an I-core
sensor. Measurement, 186, 110219.
https://doi.org/10.1016/j.measurement.2021.110219
Tytko, G. (2022). Measurement of multilayered
conductive discs using eddy current method.
Measurement, 204, 112053.
https://doi.org/10.1016/j.measurement.2022.112053
Xiang, Y., Tytko, G., Luo, Y., Makowska, J. (2025).
Measurement and calculation of the impedance of an
eddy current probe placed above a disc with two layers
of different diameters. Materials, 18 (10), 2376.
https://doi.org/10.3390/mal8102376

Received February 1, 2026
Accepted April 28, 2026


https://doi.org/10.1109/TMAG.2005.855439
https://doi.org/10.1088/1361-6501/acd39c
https://doi.org/10.1063/1.3675183
https://doi.org/10.1109/TMAG.2016.2518993
https://doi.org/10.3390/s23063055
https://doi.org/10.2478/msr-2023-0002
https://doi.org/10.1016/j.measurement.2021.110219
https://doi.org/10.1016/j.measurement.2022.112053
https://doi.org/10.3390/ma18102376

